PHY2005 Nuclear and Radiation Physics 2024/25

CHAPTER 0: PRELIMINARIES

A. LEARNING OBJECTIVES

® To learn the terminology and notation of nuclear physics

® To understand the physical reasoning behind models of the nucleus

® To understand processes such as radioactive decay

® Become aware of applications of nuclear physics in science, technology, and medicine

® Learn to solve nuclear problems through assignments and present clear cogent arguments

B. SYLLABUS

Chapter 0: Introduction and preliminaries
Chapter 1: Nuclear properties and abundance
Chapter 2: The inter-nucleon potential

Chapter 3: Models of the nucleus
* Liquid drop model
= Shell Model
* Collective model

Chapter 4: Nuclear Decay processes
= Alpha decay
* Beta decay
* Gamma decay

Chapter 5: Fission and Fusion
=  Fission
= Fusion

C. UNITS

e In SI units the energy is in Joules (J). Conversion to electronvolts (eV) is simply by
dividing by e = 1.602 x 10*° Often energies are quoted in MeV = 1.6x10"].

e Masses are often given in MeV units, which are units of energy. The atomic mass unit,
u = 931.5 MeV and u is defined using >C=12.0000u (A neutral carbon atom in the
ground state). This is because mass and energy are interchangeable and linked via Ein-
stein’s famous equation E = mc*> where m is the mass and c is the speed of light.
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e Distances are often quoted in femtometres, 1 fm = 10" m.
e We will often use the relativistic relationship between mass, momentum, and energy
E? = p%c? + méc*

where E is the total energy (mass plus kinetic), p is the momentum and m, is the rest mass,
whilst ¢ is the speed of light.

D. THE IMPORTANCE OF NUCLEAR PHYSICS

We will cover several applications as we go through the chapters. For now, we can note the
following examples of how important nuclear physics is.

e Radioactivity warms the core of the Earth. Without it, Lord Kelvin estimated that the
Earth would cool in ~ 100 million years. There would then be no magneto-hydrody-
namic motion in the core generating a B field that protects us from the solar wind.

e Hans Bethe a long time ago showed that nuclear fusion powers the stars. Nuclear as-
trophysics is an important way to understand the structure and evolution of stars.

e Radiotherapy and diagnostics such as PET and MRI scans depend on our understand-
ing of nuclear physics. Nuclear physics is thus important in the treatment of cancer
and other diseases.

¢ Nuclear power from both fission (existing) and fusion (perhaps later) are potentially
important energy generation methods that do not generate CO, emissions as fossil
fuels do.

e The internucleon force that we will learn about is a manifestation of the strong force,
which is one of the four fundamental forces. Nuclear physics is part way to fundamen-
tal particle physics and is a, still not fully understood, and an active research area

e Carbon dating and other radioactive decay dating methods are very useful in geology
and palaeontology as we shall see in the lectures.

E. SUGGESTED READING

Eisberg and Resnick: Quantum Physics of Atoms, Molecules, Solids, Nuclei and Particles
(Wiley 2 Edition). Chapter 15 in entirety, Chapter 16 sections 16-1,16-2,16-3,16-5,16-9 and 16-
10

KS Krane: Introductory Nuclear Physics (Wiley). Chapter 1, whole chapter, Chapter 3, Whole
chapter, Chapter 4, introduction, and sections 4.1 and 4.4, Chapter 5, sections 5.1 and 5.2,
Chapter 7 up to section 7.6 inclusive, chapter 8 section 8.1-8.4, chapter 9 section 9.1, Chapter
13, sections 13.1-13.3 and sections 13.5,13.6, chapter 14, chapters 19 and 20.
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CHAPTER 1: OBSERVATION OF NUCLEAR PROPERTIES

Composition and notation:

Nuclei are made up of N neutrons and Z protons to have atomic mass number A= N + Z. The
name nucleon is often used collectively for either a proton or neutron. At low Z we have N ~
Z. Athigh Z we have N > Z such that Z/ A ~ 2/5. (See figure 1.1 below).

For a given element, the chemical properties, and hence name, of the element are decided by
the number of protons, Z. The number of neutrons, N only has a very weak effect on these
properties and an element can have several different isotopes, where the nuclei have the same
Z but different N. The full notation is given by:

A

ZX N
where, X is the chemical symbol. Since the chemical element name depends on Z, it is usual to
drop the Z and N subscripts since there are fully determined from the chemical symbol and

the atomic mass number, A. So, for example, we have Al and »°U as examples of isotopes.

The occurrence of stable nuclei is related to the oddness or evenness of Z and N as seen in
table 1.1 below.

Table 1.1 Occurrence of nuclei depending on oddness or evenness of protons and neutron numbers

A N Z Stable Nuclei
Even Even Even 166
Odd Odd 8
Odd Even Odd 57
Odd Even 53

So, we can see that odd-odd nuclei that are stable are in fact quite rare. We will try to under-
stand this during this course.

We also note that, at higher atomic mass, A, the ratio of protons to neutrons decreases. This
means that at low atomic number, we have Z~0.5A and the numbers are roughly equal. Think,
for example of oxygen, where we have °O as the most stable isotope with 8 neutrons and 8
protons. However, also think about ?*Pb which has Z=82 but N=126, so Z~0.4A. We can see
this phenomenon illustrated in the Segré chart of figure 1.1.
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Super-heavy
elements

¢ &

PROTON NUMBER Z

NEUTRON NUMBER N

Figure 1.1 Segré chart of nuclei. We see the stable elements (black squares) veer
away from N=Z as we increase atomic mass, A. The numbers 2, 8, 20 etc are
"magic numbers” that confer particular stability as discussed in Chapter 3.

Abundance of nuclei

Not all nuclei are as common as each other. The observations made in astrophysics and geol-
ogy have led to an understanding that the abundance of elements is as shown in figure 1.2
below.

12 1
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Log of abundance
S
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Atomic number (Z)

Figure 1.2 Abundance of elements in the universe. The scale is normalised Si=10°.

We can see that hydrogen and helium are by far the most common. There is a dip before abun-
dance rises at carbon and we see oscillations and other peaks. A key goal of nuclear astrophys-
ics is to understand how this distribution of abundance came about.

Professor David Riley 1-4



PHY2005 Nuclear and Radiation Physics 2024/25

Nuclei have spin and parity:

In nuclear physics, there is a slight difference in naming compared to atomic physics. If we
take the total angular momentum of a nucleus,

J=L+S (12

Then, this is called the nuclear spin, which can be a little confusing, but we can try to help by
referring to S as intrinsic spin. This is the same as electron spin. For both nucleon types, the
magnitude is s = V3, where the lower case refers to a single particle. We will note later that for
all even-even nuclei the ground state is J = 0. The spins of both nucleons evidently pair off to
cancel each other and this is due to being energetically advantageous in a phenomenon that is
called the pairing energy or sometimes pairing force. It is a complex phenomenon that helps
explain why there are so many even-even nuclei with all nucleons paired off.

We can note that, if a nucleus has odd integer A, then it will have a spare proton or neutron
and since they are (intrinsic) spin-%2 particles, the nucleus will have a half-integer spin. For
even A, we have integer spin, and this is generally true, even for odd-odd nuclei which have
both a spare neutron and proton. We note that for a nuclear level with spin J, we have 2J+1
states (this is the number of distinct z components, J,).

The nuclei also have property called parity. This is given by P = (—1)" where L is the orbital
angular momentum quantum number. Parity is a property of the wave-functions that derives
from the fact that for L= even (P = +1) wavefunctions, we have the property

() = w(=r) (13)

whilst for L = odd (P= -1) wavefunctions, we have

Y(r) = —Y(=r) (14)

This has some consequences for transitions between nuclear states that we will explore a little
further on. Nuclear states are usually therefore denoted by spin and parity J*. For example, all
even-even nuclei have a ground state J° = 0", meaning that there is no net angular momentum
and thus L=0 and so P=+1. We will discuss in chapter 3, why this is so. For ¥Al which has 14

+
neutrons but an odd number (13) of protons, we have J© = 2 , meaning that the ground state

of the nucleus has net angular momentum and spin and that L=even.

Nuclei have magnetic dipole and electric quadrupole moments
All nucleons, including the neutrons, contain charged particles (quarks) within them. They
have charges that add up to +e for the proton and 0 for the neutron. The orbital motion of these
moving charges, for both protons and neutrons, leads to an intrinsic B-field that interacts with
external B fields and can be described by a magnetic dipole moment

Hnuctear = 9Iln (15)
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where J is the nuclear spin and g is a factor like the Landé g-factor in the atomic Zeeman effect.
The nuclear magneton is defined by

eh

o= o, = 107 tgopy  (1.6)

The effect of this magnetic moment can be seen in the interaction of the nucleus with the B—
field of the atomic electrons to give hyper-fine structure in atomic spectra, which is used as a
way of determining the nuclear magnetic dipole. As we see, from equation 1.6, the “nuclear
magneton” is about a thousand times smaller than the “Bohr magneton” of atomic physics.
For even A values, we have J = 0 and thus zero magnetic dipole. The proton and neutron both
have finite magnetic dipoles individually, with

Hneutron = -1.91u,

(1.7)
Mproton = +2.79HUp,
These values are a result of both particles being in fact made up of three quarks, which carry
charge. As noted above, the neutron can have a finite magnetic moment even though it is
overall neutral.

The electric quadrupole arises from the fact that the charge in the nucleus is not distributed in
a spherically symmetric way. The existence of an electric quadrupole shows some nuclei are
not spherical but oblate or prolate. In figure 1.2 we give a simple explanation of what electric
dipole and quadrupoles are.

atomic nuclear atomic nuclear

+ + + +
[
+ o

- (a) - (b) +

Figure 1.3 (a) Simple illustration of what an electric dipole is. For an atom, we have both positive and
negative charges and so can have an electric dipole moment if they are not centred symmetrically about
zero. For a nucleus with only positive charges, this does not work, and we don’t have an electric dipole
moment. We can see this by removing the negative charges as in the figure. (b) Simple illustration of an
electric quadrupole. For a nucleus, we can see, that by removing negative charges, we still get a distri-
bution that does not look like a central symmetric charge, and we do have a quadrupole moment.

If a nucleus does not have a spherical shape, then it will have a so-called quadrupole moment.
In brief it is defined formally by
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Qo =[p(Bz?—r?)dv (18

Where p(r) is the charge density distribution as a function of position r. Note that the position
r has components in the X, y and z directions and r? = x*+y?+z2. If the distribution is isotropic
then since the averages in all three directions average out to the same values, then so do r? and
3z% and the quadrupole moment is zero. Figure 1.3 shows how the shape of the nucleus can
change the quadrupole moment. More complex nuclear distortions can occur due to nuclear
vibrations, leading to higher order moments, such as octupole moments, but this is beyond
our remit for now.

o O @

Q0>0 Q0<0
Since x%= y? = 72 Since x2= y? < 72 Since x2= y? > 72
and so 3z% =72 and so 322 > 2 and so 322 < 72

Figure 1.3 A simple illustration of how the shape of a nucleus changes the
quadrupole moment, which can be positive or negative. A prolate shape gives
Q > 0 whilst an oblate shape gives Q < 0.

The mass of atoms and nuclei

This mass of an atom is overwhelmingly made up of the mass of its nucleons. However, it is
common to use the atomic mass as this is very accurately measured. However, the mass is less
than the sum of its components.

Matomic < ZMp + NM,, +ZM,  (1.9)

The difference is due to the binding energy. Recall that E = mc? so we can see that the atom at
rest can be thought of as having mass energy only, no kinetic energy. If we add just enough
energy to separate out all the component particles so that they are at rest but far enough from
each other not to interact, then their total mass energy must be the initial mass energy plus the
extra energy needed for separation- this extra is the binding energy. So that we can say, if we
define binding energy, Eg as a positive number,

Ep = (ZM, + NM,, + ZM,) — Mgtomic  (1.10)
Figure 1.4 shows the binding energy curve as a function of atomic mass number. We see there

is a maximum stability (i.e., most binding energy per nucleon) at about A=60. We shall develop
an understanding of this curve via the liquid drop model in the next sections.
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Figure 1.4 Binding energy curve. Note how the binding per nucleon peaks at around 8.8 MeV per
nucleon at A ~60. The most stable atomic mass is around here. We shall see how this curve impacts on
nuclear stability in later chapters.

Atomic masses can be measured a quite precisely with careful use of mass spectrometers. Be-
low is a selection of masses in the atomic mass unit:

Mass 2C = 12.0000u (definition of u)
M, =1.00727647u
M, =1.00866501u

where the atomic mass unit, u in MeV (energy) units is

1 uc? =931.502 MeV
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and the mass of 1>C neutral atom, as noted above, is defined as exactly 12 atomic mass units.
Note that the proton and neutron masses (M, and M,) are similar but not identical. This will
become important in discussion of f—decay. The masses are often expressed in MeV and this
is shorthand for the mass-energy, which of course is given by mc®>. An important thing to note
is that it is the atomic mass that is usually measured precisely. For example, in the back of
Krane you can see the masses of all isotopes to several decimal places.

Nuclear size and density

There is more than one way in which the size of a nucleus is determined. We can consider one
way that uses fast electron diffraction. Consider a fast electron. It has a wave property such
that; p=h/A, where p is the momentum. We know from level 1 optics that a circular object in
the way of a plane wave (usually a laser) will form a diffraction pattern (Airy rings). The min-

ima are at a scatter angle given by: ——

il « ]
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In our case, E >> myc? and we can approximate 10907720 30 40 50 60 70 80

E ~ pc. We can then use the de Broglie relation o e

to get A~ 3.3 fm and thus D, the size of the nu-  Figure.1.5 This figure shows minima in the
cleus is ~5.3 fm. Now the nucleus is not a disk  scatter of electrons from several species of nu-

but a 3-D object, and closer analysis shows that ~ ¢lei- see text Image from X. Roca-Maza, Phys.
Rev C. 78, 044332 (2008). It can be found with

the charge distribution of protons can be ap- this doi- 10.1103/PhysRevC.78.044332

proximated by

p(r) = S—L ) R (1.13)

14+e((r—Rgp)/a)
where we have,

Ro ~1.2AY? fm (1.14)

and a ~ 0.55 fm. This means that typically a large nucleus has a flat density in the middle. As
we can see in figure 1.6, there is a region where the density falls from 90% of the peak to 10%.
The width of this layer is constant at about 2.4 fm, not depending on the atomic mass number,
A.
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The reason the diffraction pat-
tern in figure 1.5 does not go to
zero is that the nucleus is not ex-
actly a hard sphere. If you go to
the research paper referenced in
figure 1.5, you will see charge
density profiles derived from ex-
perimental scattering studies.
For interest, you can take a look
and see how well they compare
to the simple model in figure 1.6.

We see from above that our defi-
nition of nuclear size has the ra-
dius, R, set to where the density
is half of the peak density. There
are other definitions of the nu-
clear size, that can depend on the
method used and may depend
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Figure 1.6 A schematic of the density profile for light and heavy
nuclei. Ry is defined where the density is half the maximum. The
region, t, has a width that is independent of the atomic mass num-
ber, A.

on if it is mass density or charge density being measured. We will not go into detail in this
course, but the constant at the front of expression 1.14 is usually quoted in a range of about

1.1-1.3.
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CHAPTER 2: NOTES ON THE INTER-NUCLEON POTENTIAL

Requirements for the inter-nucleon force

e Needs to be strong to overcome the Coulomb repulsion of the protons. For example, use
the result of Chapter 1 to calculate the radius of a Au nulceus and estimate the repulsive
potential for a proton located at the edge of the nucleus. Or consider just that at 1 fm
separation the Coulomb potential between two protons is about 1.4 MeV.

. We think it is short range for the following reasons;

a) The binding energy per nucleon, B/ A is about constant. This means that, as we

b)

c)

Prof. D Riley

remove nucleons, the binding of the others remains much the same. This is in
contrast to the long range Coulomb potential binding electrons to the shells of
an atom- as we ionise it, the ionisation potential for further removal of electrons
increases rapidly.

An explanation of this is that the nuclear forces are “saturated”. This means that
anucleon binds strongly only to those close to it ~1-2 fm away. This has the result
that if a nucleon is removed from a large nucleus then the remaining nucleons
are still are surrounded by a similar number of other nucleons and so bound to
the same degree.

O
o %0 o
TR )
o
o'/

Figure 2.1 illustration of how removing one nucleon does not alter the binding of the
remaining nucleons if there is only short range interaction.The nucleons remain bound
by interactions to roughly the same number of “nearest neighbours”.

Rutherford Scattering experiments show that the Coulomb interaction works
very well until the closest approach of the scattering particles gets very small (of
order 2 fm). This suggests a new force comes in to play at short range. See the
assignments for a sample calculation.
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e We know the density is roughly constant in the centre of the nucleus (from scattering
experiments) and this implies that nucleons don’t simply come closer and closer- there
is a repulsive element to the potential at close range.

We know the potential well formed must be at least ~8 MeV deep as that is the energy
required to remove a nucleon (we see later that it is several times deeper than this).

In order to study the internucleon force theoretically, we can start by guessing roughly a
shape. If we take the deuteron as an example we approximate it as a square well potential-
see figure 2.2 below.

The deuteron

The deuteron is the simplest nucleus we can have that involves internucleon binding.
Experimentally, we know the deuteron has no excited states and the binding energy is 2.224
MeV and the nuclear magnetic moment is u ~ 0.86p. We assume a square well depth V, and
a radius, w and spherical symmetry (the ground state is °S has no angular momentum in this
case) and solve the Schréedinger equation;

>
Vi+V \w=Epp  (2.1)
0 0
( 2Mred
VO
where M, is the reduced mass Meq = MM,/ (M,+M,)
and E, = -B, where B is the binding energy, which is a W
positive number here. As in atomic physics we have a
solution; Figure 2.2 Approximate well used
or initial solution of deuteron.
wnlm = R l(r)Ylm (¢’6) (22) f f

Where we separate the spherical harmonics Y and the radial function R. The quantum number
n is not the same, however, as in atomic physics. It is the “radial” quantum number and is
related to the ‘principal” quantum number and angular momentum by

Nradial = Mprincipal — l (23)

2fm

Vo

Repels at —
short range

Fig. 2.3. Sketch of possible potential well for the inter-nucleon force. Not the steep rise
as the potential becomes repulsive (positive potential) at short range and becomes zero
far away.

attracts
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In simple terms, it is the number of nodes in the radial eigenfunction. In some books (mostly
older ones) it differs from this definition by 1 so that the smallest value is 0- we will use the
above definition so that minimum value is 1. (This is a prime example of atomic and nuclear
notation being different!) Now for the deuteron we have the ground state with I = 0. Both the
neutron and proton have spin = %2 and they are aligned for the deuteron so thatJ =1 and thus
we have %S, as the ground state, where the notation is *'L;. The aligned spins imply that the
magnetic moments should be aligned and we find this is indeed the case. For a proton we
have +2.79 uy and for the neutron we have -1.91uy Their total is +0.88uy and this compares
well to the actual value given above. A solution for the square well can be found using the
standard approach (see Eisberg and Resnick Chapter 6). We re-write the Schrodinger
equation, for [ =0, as:

-n _
(ZM vV + V(r))U(r) =EU(r) (2.4)

red

where

R(r) =28 2.5)

and we have two regions, one inside the potential well and the other outside

1) r< wand V(r) =-V,
2) r>wand V(r)=0

The solutions are well known. For region 1)

U(r) = Asin(kq ) + Ccos(kq7) (2.6)

2M..,(V, — B
kl =\/ red;ZO )

where

and E = -B and C = 0. For region 2)

U(r) = De %" 4+ Fek2"  (27)

where

2MyoqB

k2 == hz

and E = -B and F =0. We need to match solutions at r = w and obtain;
Asin(klw) = De~faw (2.8)
We also require a smooth function so the gradients of U(r) match at boundary;

Aacos(kqw) = —BDe k2w (2.9)
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Dividing these two equations leads to

cot(kyw) = _k—kz (2.10)
1

Now, we do not know yet what w and V, should be but we can put in;

cot(kqw) = /VOL_B 2.11)

With some numerical effort we can get results. We assume B << V| since we know, from
experiment, that B = 2.224 MeV and have already noted that we think V, > 8 MeV due to the
known binding of last nucleons in many nuclei and the consideration of the potential between
protons. If we do this, we equate the RHS of the above equation to zero (assuming it is << 1)
and have;

cot(kqiw) = 0

which leads to solutions of Kyw = n/2, mn/2 etc, where m is an integer. Taking the first
solution, we get;

2MyeqVo T

kaw ~w [—- S (212)
which leads further to;
n?  h?
Vo~ el T (2.13)
This gives us
2 n? _h? -28 2
w4Vy~— ~10 MeV m (2.14)
4 2Myeq

If we approximate w ~2 fm, based on observations of Rutherford Scattering, then we have V,
~ 25 MeV justifying the earlier assumption that B << V,. A more sophisticated calculation gets
V), closer to ~37 MeV. If we join up the solutions for U(r) inside and outside the potential well,
we have something like Figure 2.4 below. There is some chance of the nucleons being located
out of the potential well region. This is typical quantum well behaviour.

12 1

'; U(r) inside
[ potential

[y

U(r) outside potential

o
-9

o
IS
y

R(r)

Normnalised value
o
()]

©
)

I T S
0

2 3 4 5 7
Radial distance (fm)

Fig 2.4 Sketch of normalised wave-function solution for well depth and shape assumed.
Note how R(r), the radial wavefunction, extends well beyond the potential well region
marked by the vertical line at r=2fm.
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Additional observations on Deuterium.
e Experimentally only the ] = 1 nuclear spin state is bound with 2.224 MeV binding.

e This implies that the potential must be spin dependent to have the J = 0 solution
unbound.

e Scattering data for proton-neutron interactions suggests the following

1 Vo =31 MeV and w=2.2 fm
=0 Vo =13.4 MeV and w = 2.65 fm

For a quantum well, the lowest state is not given by V, but, for the case of a deep well the

states vary as
2

E~ % (2.15)

The narrowness of the potential well means that for the J=1 case, the first level is only just
below the top of the potential well and the lower depth for the J=0 case means there is no
bound state within the potential. Clearly the spin orientations make a difference and we can
consider this with other observations now. The inter-nucleon potential is written now as;

V = V¢ +Vs = fo(r) +fs(r)s1.s2  (2.16)

Where V. is the normal central component dependent on the separation of the nucleons and
the second term is dependent on the individual spins, si. We see that with the dot product the
orientation either makes the potential deeper or shallower.

Quadrupole moment of the deuteron

We also observe that the quadrupole for the deuteron moment is non-zero experimentally.
However, if we have a zero angular momentum state as we have stated, then that implies
spherical symmetry in the wavefunction and a zero quadrupole moment. The reason for this
apparent discrepancy is that we in fact have a mixture of states for the ground state of
deuterium. Some possible additions to the S, are

1P1 3P1 or 3D1
The first two are discounted as they have opposite parity to the 3S; and parity, being related

to angular momentum, should be a conserved property, we therefore have a small component
of ®D; mixed in. The total wave-function is then

/2
Vit = (1-€) WS +e WD) (217)

where ¢ ~0.05-0.08. This happens because there is a tensor component to the inter-nucleon
potential that favours it. This means, in practice, that the interaction between the nucleons

depends onot only on their orientation but their separation spatially relative to the spin.
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(a) Prolate (b) Oblate

Fig 2.5. Schematic of two ways for the spins to align and interact in deuterium

Figure 2.5 shows the spins aligned in two ways, both give a distorted nucleus. Experimentally
the quadrupole moment for deuterium is Q > 0 so the prolate shape is favoured. The tensor
part of the inter-nucleon potential is written;

3(syr)(sy )

VT = fT(I’) r2 - (Sl ‘Sz) (218)

which has a value dependent on the orientation of the spins of the two nucleons as well as the
direction in which they are separated.

The spin-orbit potential
Extensive scatter experiments at high energy (GeV = 10° eV) with protons and neutrons shows
the existence of a spin-orbit part of the potential. This is written;

Vis=Ffs(r)L-(s; +s,) (2.19)

where L is the relative angular momentum of the nucleons. This is a nuclear analogue of the
spin orbit interaction that you will have come across in atomic physics.

Charge independence

We note the existence of “mirror nuclei” which have the same odd number of nucleons but
swap a proton for a neutron. For example O® and F° where we have respectively Z=8, N=9
and Z=9,N=8. The first few energy levels are tabulated in figure 2.6, as we see, there is a great
similarity. This and other examples shows the charge independence of the inter-nucleon force-
as far is it is concerned neutrons and protons are basically the same particle. In summary,
the inter-nucleon potential is much more complicated than the Coulomb potential and has
several components. This is due to the more complex structure of the nucleons. They are in
fact made up of other particles, quarks.
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Figure 2.6 Similarity in energy levels for mirror nuclei illustrates how the internucleon
interaction is essentialy same for protons and neutrons.

Meson Exchange

For the Coulomb interaction present day QED theory (which is accurate to 11 decimal places!)
states that a virtual photon is exchanged when particles interact, as shown in figure 2.7. The
photons exist only in the interaction and

energy and momentum must be -
conserved overall. They are massless and € -~
the range is effectively infinite. In 1935 A/ <

Yukawa suggested that the short range of

the nuclear force was due to the fact that

it is mediated not by photons but by - &,
exchange of heavy particles. e

Recall the uncertainty relation; AtAE ~#/2,

we can “borrow” energy AE for a time At.  Fig 2.7. Feynman diagram for interaction of
If we create a particle with mass M we electrons by exchange of a photon.

need to do this in a time;

At~

—— (220

If we assume the interaction happens at the speed of light then the range R ~ cAt and we have

h
R~ e (2.21)

Now, we require R ~1 fm to match the typical distance between nucleons in a nucleus and
thus we require M ~200m.. This is an intermediate mass between the electron and the nucleon
and so such particles were dubbed “mesons” and it was postulated that these may also play
arole in the exchange of protons for neutrons and vice versa. Yukawa proposed a potential of
the form;
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2 _—rIR
9s €
V(ir)=="— 2.22
(r) yP— (2.22)

where gs acts like the electrons charge in e-m interactions. We can roughly estimate gs by
considering V~30MeV at r= 2fm. We get;

2

Is_ _102 ym  (229)
4r
and we further get to;
2
9s
a,=———~1 (224
®  d4mhc 224

which we can compare to the atomic physics fine structure factor which ~1/137. This means
relative to the electromagnetic interaction the so called strong nuclear force is ~100 times
stronger.

Pions

In fact mesons have been found in particle physics experiments in 1947. They are also found
at high altitude where cosmic rays with high energy interact in the atmosphere. The so called
n mesons (pions) have been found with 3 types with different electronic charges;

+ - 0

T T T

The masses are;

Mﬂ;+ :Mﬂ;- == 273.1me
Mro =264.1m,

They have odd parity and spin 0. They are unstable and the n*, 1~ decay in ~10%s to a muon
and a neutrino. The n° decays in ~107° s to two photons (gamma rays). The strong force is
mediated by the exchange of these mesons. Figure 2.8 shows possible interactions where
exhange of a pion can change the identity of a nucleon. Interaction with a neutral pion just
leads to scattering, but with the charged pions the protons can become neutrons and vice-
versa.

Fig 2.8. Feynman diagrams for the exchange of mesons as a means of nucleon interaction.

A detailed study (beyond L2) shows that the predicted potential with these particles matches
the observations we have made. The potential in particular
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Has short range

Is dependent on spin
Has a tensor part

Is charge independent

L
However, pion exchange does not work so well for very short range < 1fm. Closer in we
consider heavier mesons, that have since been discovered

p 770 Me/ ~1500m,
® 783 Me/ 2 ~1530m,

These rho and omega mesons result ina repulsive potential between nucleons when the range

is about 0.5 fm. This prevents nucleons from getting very close and explains why the density
of nuclear material is about constant for all nuclei.
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CHAPTER 3: MODELS OF THE NUCLEUS

3.1 Liquid drop model

This is a model, developed first by George Gamow, based on classical physics considerations.
The nucleus acts as a collective liquid (see collective model below). Apart from the mass of the
constituent nucleons, the mass is considered to be due to several contributions, each of which
reduces or increases binding energy. In the following we express masses in their mass-energy energy
units (MeV)- it saves us writing ¢ every time. The contributions are

1. The mass-energy of constituents of the nucleus;

MNuc CZ = ZMp CZ + (A'Z)Mn C2

where we would usually put the mass energy in MeV units.
2. Volume binding energy, in MeV due to binding of A nucleons;

MV C2 = 'avA

3. Surface tension energy: As in a liquid drop, the outer nucleons are not bound so tight
as they do not experience binding from all sides. This reduces binding and the energy
term is proportional to surface area which scales as R? and thus A?/3;

Ms 2= as A??

We can see in figure 3.1 how surface nucleons have fewer close neighbours to interact
with.

4. Coulomb energy term. There are Z protons and they have a repulsive electrostatic
potential energy;

3 (Ze)*

. 54megR
0 ® ® O where R is the nuclear radius which is proportional to

,\ A3, Thus, we have a reduction in binding,
‘\ ’7. MCC2 = aCZZ/A1/3
o |’

o ! 5. The asymmetry term. We have noted in section 1
o"\'/ the preference to have N > Z at high A values but N ~
Figure 3.1 We can see that a Z at low A values. Later, we will explain, in terms of
surface nucleon will likely have the Pauli exclusion, N >Z reduced binding but having
fewer nearest neighbours to bind N =Z causes more Coulomb repulsion. For now, the

to than a nucleon in the centre. term that reduces binding due to this asymmetry is

(A —22)?

M,cc? =a
as AS Y
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6. The odd-even term: We have seen that there are far more even-even nuclei and that
odd-odd is least likely. This term is given in different forms by different authors, one
version has;

6(4,Z)=~-a,, even-even

0(4,2)=0 odd-even or even-odd
6(4,Z)=+a,, odd-odd
Where we also normalise to the atomic mass number with a scaling of A% as seen below. This

is a purely empirical scaling that is chosen to fit the data. Gathering these terms together we
get an equation for the mass of nuclei (remember it is in energy (MeV) units here).

2 _ 2
acz? | (4=22) | 8(A2)

M(A, Z)c? = ZMyc? + (A — Z)M,c? — ayA + agA?/® + St s Yer

(3.1)

Least squares fit to real data on the masses indicate that good values for the parameters, (due
to AES Green) in units of MeV are;

a, = 15.76
a, = 17.81
a. = 0.711
A, = 23.702
A, = 34.0

Dropping the ¢ for simplicity, the binding energy is then;
B= [ZMp +(A-2Z)M - M(A,Z)] (3.2)

which can be expressed as

2 2
_ o a2/3_acZ’  (A=22)?  5(AZ)
B(MeV) = ayA — agA s Qs 3/ (3.3)
And the binding energy per nucleon is;
_ as acZ? (A-22)2  §(A2)
B/A—ay—m—m—aAS 2 W7/4 (3.4)

20 T 10

15 E 9
- 10 + § 8
§ 5 L —Volume - - Surface ©
c H Coulomb Asymmetry ‘3: 7
> T —Total “
g 0 @
2 F e 2 5 il
WL emmmmmTTTTIITT 2 Comaprison of experiment (dots)

: 5 to Liquid Drop Model (line)
10 1/ £ 5
s e 4| : ‘ e e ‘ d
o 50 100 150 200 250 0 50 100 150 200 250
Atomic mass number Atomic Mass Number

Figure 3.2 Left: Binding energy per nucleon from the liquid drop model, showing some individual
contributions. Note how the Coulomb term grows in magnitude with A but the surface term drops.
Right: Comparison of liquid drop model with data.
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Figure 3.2 shows a plot of the results ignoring the asymmetry and odd-even terms and
assuming Z=0.4A. We can see that it matches the experimental data we saw previously.

A success for the liquid drop model

In the next chapter, we shall discuss alpha decay, which is a process by which a heavy element

emits a helium nucleus, which is called an alpha particle. If we compare the binding energy of

the initial (parent) nucleus with the binding of the daughter nucleus and the alpha particle,
we can get define the Q value of the reaction,

10 which is the energy released

Stability to alpha decay.
Most A>150 unstable to alpah emission

Q = Ej —Elptial - (3.4)

E and plot as in figure 3.3. We can see that Q
T ° is positive, only for atomic masses of about
o 150 and more. What this means is that alpha
sl i decay is only expected to be an exothermic

Liquid Drop Model Used reaction for large atomic masses and we

don't expect to see it for lower mass

T T T e e aon aso 0o clements. Experimental evidence tells us

that there are in fact no emitters with atomic
mass lower than 140. This is in pretty good
agreement with what the liquid drop model
predicts.

Atomic Mass
Figure 3.3 Expected Q wvalue for alpha decay
calculated with the liquid drop model.

Limitations of the liquid drop model

If we look in detail and the binding energy curve, we see that there is not a smooth line but
oscillations in binding per nucleon. We see in figure 3.4, for example, that “‘He and >C have
binding above the trend line- that is to say they are particularly stable. In addition to this, the
model gives no information on important properties such as the dipole and quadrupole
moments. Before addressing these with mor sophisticated models, we first discuss another
thing that is not addressed by the liquid drop model- magic numbers which we explore next.

S
()]
2
C
o
Q2
(8]
3
< 14
S 7 e N Comaprison of experiment (dots)
g—) to Liquid Drop Model (line)
C 9
= Be
_'g 6
om
Li
sl \

| L L L
0 20 40 60 80 100 120 140
Atomic Mass Number

Figure 3.4 Detail of liquid drop model vs experiment
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Magic Numbers

The formula in the liquid drop model is good for the overall trend of binding energies.
However, it does not get the fine detail of variation in binding energy. One thing in particular
in fails to explain is so called Magic Numbers. It is seen that for example that;

e For Z=20, 28, 50 and 82 there are a higher number of stable isotopes than for nearby
elements (see figure 3.5).

¢ There are more stable isotones (N same) for N=20, 28, 50, 82 and 126 than for nearby N

values.
12
] 50
10 - Stable isotopes
8 4
20
6 N
4 4
0 II” I 1 | I 1 ||II
"“"‘b'@ \?’x‘bw“ wQ"ﬁ"*?'b'”'b fbb'b‘*’@ﬂwubu‘b@é”%‘*

z

Figure 3.5 Number of isotopes for elements as a function of Z. Note also the
oscillation from odd to even numbers

e There are peaks in the binding energy of the last nucleon compared to liquid drop model
predictions for both neutrons and protons associated with these “magic” numbers.

e There are also severe falls in neutron capture rates (figure 3.6) when the number of
neutrons is a magic number- this indicates that the nucleus is already particularly stable
and adding another neutron is not energetically favourable.

1000 |~

T

Capture cross section (mb)

28 50 32 126
1L 1 T L T ! IT 1 : T 1
0 20 40 60 80 100 120 140

Neutron number of target N

Figure 3.6 Capture rate for neutrons as a function of N. Note how the rate falls close to magic
numbers. Other data regarding Magic numbers will be presented in the lectures.

Prof D Riley 3-4



PHY2005 Nuclear and Radiation Physics 2024/25

Other evidence for magic numbers is that

;‘: ;- Y - the removal energy for a neutron or

% ;}' s { _ e § e 2 proton shows peaks relative the liquid

Z{,‘ 1k o - |- drop model at particular numbers. We
E:i - ' . 1 1 N l can see, for example, in figure 3.7 that

4 T2 40 § 60 80y 100 120y 140 there appears to be extra stability, that is

» , Neutron munber N 2 to say, higher binding energy at some

Figure 3.7 Neutron removal compared to a liquid particular values of neutron number.
drop calculation. Peaks at 50,82 and 126 are seen. Similar data is seen for protons and at the

same numbers. In the next section, we
discuss the shell model and how this can help explain the magic numbers.

3.2 The shell model

This is the basis of our understanding of the magic numbers. It assumes that the nucleons
move about independently in a roughly constant potential well that is due to the net
interaction of all the other nucleons. We can perhaps compare to the Hartree model in atomic
physics. This model generally results in a potential of the form seen below- the so called Wood-
Saxon form is often used as in the equation accompanying figure 3.8

Coulomb repulsion
adds to proton well
“~<_ potential

o O l
-
-

|
|
|

Figure 3.8 Schematic of potential for nucleons. Note how the proton potential has a
Coulomb "Hill” due to repulsion of incoming protons by the nucleus.

where we can see that there is difference at the boundary for protons due to the Coulomb
repulsion. We normally think of this as a spherically symmetric potential for which we solve
the Schrédinger equation. In this was we develop orbitals with quantum numbers n and !
where n is the radial quantum number. Our previous discussion indicates that for a large
nucleus:

V,~30-50 MeV and R ~1.2A'3

It turns out that the exact shape does not affect our basic conclusions. We can numerically
solve the Schrodinger equation and we get energy eigenvalues that depend on both n and 1.
The radial quantum number is related to the principle quantum number by:
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n, — I = Nyadial (35)

In nuclear physics we use N = Nragial SO we can have the 1s,1p,1d etc . (Some books have a
slightly different definition and have Os, Op etc as the lower levels). With the addition of a spin-
orbit interaction

Veo =f(r)L-S  (3.6)
we get the energy levels in figure 3.9 below, where similar to the atomic case,

1dVv

Vir)
r
_—+ - — [R——
//31)‘/2
40 e //2]‘}/2
%,
" -,
S
h \2f7/2
82 - Jsll
<30 S DY
% ~f 2d’/:
S N
~ 2d
§ 50 SNl
s - > 181/
i3 N,
f S:~\\\ Ig9/2
320 28 Py
NN OIS
N N Pk
1Ny ~ 2P
S 20 N
s N lf"/z
Q SN id
& Sl
2 , ol T2
89 ~ /2
10 1» 8 S,
. . " T ]P'lz
. 1s 2 h ]P3/2
0 T ————ls|/2
0

Figure 3.9 Schematic of the shell model with (right) and without (left) the spin-orbit
interaction. Notice the large energy gaps that appear at the ‘'magic’ numbers. Neutrons
and protons both separately fill such a shell structure.

We can note that the splitting gives higher energy for the lower ] case where j=I+1/2 for the
nucleons which have spin = 2. Some of the important results of the shell model are;

1. We get magic numbers corresponding to filled sub-shells and there is a large gap to
the next energy level. This explains the stability of nuclei with magic number of either
protons or neutrons or in some cases both.
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2. The closed shells have net ] = 0 as the m; values are paired off in shells. Even-even
nuclei always experimentally have J=0.

3. The parity should be P = (-1)! so a closed sub-shell should have parity = +1. Such nuclei
should have notation J* = 0*

4. Additional nucleon outside a closed shell should contribute the nuclear spin and
parity. For example 7O has an additional neutron in the 1ds,, level. Thus we predict
for the nucleus

J=5/2, 1 =2andP=(-12=+1

Jp =5/2" agrees with experiment

5. There is a similar story for nuclei missing a nucleon from a closed sub-shell. For
example ®’N”has missing proton in 1p;, sub-shell. We expect the nucleus to thus have
a parity of (-1)! = -1 (since /=1) and a spin of %. Experimentally this is so.

6. Many other cases are predicted correctly- but not all- there is still some nucleon-
nucleon interactions that is not accounted for in the independent nucleon model we
have used.

An exception

An exception is '”Ag, with Z=47, N=60. It should have 7 protons in the 1gy,, level and thus the
JP should be 9/2 since /=4 and the other nucleons pair off. In fact, experimentally, we have
Jp=1/2" because it is energetically more favourable to have 8 protons in the 1g/, level and a
missing proton in the 2p;, level below. This is an effect of the nucleon-nucleon pairing force
which is strongly dependent on ! and the 1g,/, level has high value. There are other exceptions
but the overall the shell model gets the spin and parity right in many cases.

Odd-even effect

Consider that the inter-nucleon interaction is attractive so that the lowest energy should be
when they are close together. However, Pauli exclusion
keeps them apart if the quantum numbers are the same.
Thus the best pairing should be between nucleons with j,
m; and j, -m; for a given sub-shell as the orbits are similar
but we have one quantum number different. This means
that the angular momentum is paired off to be zero
overall. For even-even nuclei we have every nucleon -
paired off and so the average binding per nucleon can be l

higher and they are more likely to be stable than an odd- o By i b
even or even-odd nucleus. This observed odd-even effect ~ Figure 3.10 Binding of "last’
was accounted for, we recall, in the liquid drop model. It neutron in isotopes keeping N-Z

that all lei r_Qr constant at 21 and 23. Note the
turns out that all even-even nuclei are J" = 0*. odd-even effect and change at the

magic number 82.

S,/ MeV

N and Z similar at low A
The fact that the neutrons and protons both fill a shell structure helps us to understand why
at low Z it is beneficial to have similar numbers. Look at the figure below (figure 3.11). For a
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given A value, if we fill equally spaced levels the energy total is minimised by having equal
N(black) and P(red).

A=12,7=6 A=12,7Z=5
1py - 1py)
A A & LA A 1ps) ®o-e LA A 1ps);
.‘. .‘. 151/2 .‘. “ 151/2

Figure 3.11 Schematic illustrating the energetic advantage of having N=Z7 . At higher A
the Coulomb repulsion by protons overcomes this advantage and it becomes more stable to
have more neutrons for a given A

Thus we have terms in the liquid drop model that compete, one making it advantageous to
have N=Z and the other to have fewer protons for a given A value.

Electromagnetic moments
For odd A nuclei we expect these to be non-zero. We expect

e
u=g,~—J (38

uy==—(gL+gsS)

g, =+1 proton  gg =+5.5856 proton (3.9)
g, =0 neutron  gg =-3.8262 neutron

Since ] = L+ S, now we can easily show (you should do this!)

g’ :%[QL(JZ+L2—Sz)+gs(J2+Sz—L2)]
1 [(I+1)-3/4

This gives us predictions of the magnetic moments. For a given [ we can have j=1+1/2 orj =
I+1/2. Experimentally measured values are mostly within the expected upper and lower
bound for these two cases, but are generally not in great agreement with the shell model
prediction as we can see in figure 3.12 below. This is an important limitation of the shell model.
However, the shell model does help us to explain;

1. Magic numbers
2. Parities and spins of many nuclei

3. The basic trend of magnetic moments.
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Figure 3.12 Schmidt plot of the measured magnetic moments against the predictions of the
Shell model. The prediction shows two lines in each case since we can have j=1+1/2 or I-
1/2.

Electric quadrupole moments
We have noted in Chapter 1, that the electric quadrupole moment for a distribution of charge
can be written;

0,= [p(r)3z" =)V  (311)

This will be positive or negative according to the shape. For an ellipsoid stretched along the z-
axis it will be positive since maximum z will be higher than the other 2 dimensions and so 3z
>r2. In a QM treatment we get a slightly more subtle answer in that;

2J -1
0=0,-———~
20+ @1

for J>0 only. This means we expect Q=0 for J=1/2 as well as J=0. Since J=0 for a closed shell,
we expect then that the quadrupole moment would be given by the outer nucleon for odd A
elements where there is a 'spare’ proton. For a spare neutron we don't expect a quadrupole
moment since it carries no charge. In figure 3.13 we present some data on measured electric
quadrupole moments. In fact, what is seen experimentally is that there is little difference
between having an outer proton or neutron and that for some ranges there is exceptionally
high values. The understanding of these facts centres about the fact that nucleons interact
strongly and an unpaired nucleon can drag other nucleons out of a spherical configuration. In
this way nuclei with only an unpaired neutron can have a high quadrupole moment.
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| il “sbare” [ I Rt
44 Isotope Q /m?
35CI -8.0 x10-3¢
b “spare” pn 37CI -6.32 x10-3¢0
‘ 338 -5.0 x10-30

No obvious connection to
whether spare proton or neutron

Note close to zero near closed shells

e.g 2%°Bi has 126n and 83p

/'

e V ¥ e.g 2°'Hg has 121n and 80p

8 20 28 82 126

-0.10L
o

Figure 3.13 Data on electric quadrupole moments for various elements arrange by the
number of nucleons for the type that has an odd number. Note the fall in Q as we are close
to a magic number and how having a "spare” n or p makes little difference.

3.3 Collective effects

e The shell model has nucleons moving independently in a net potential.
e The collective model harks back to the liquid drop model.

e Individual nucleons can have asymmetric orbits depending on the angular
momentum

e For nuclei away from closed shells the nucleus can be highly distorted with
significant quadrupole moments

e In the 1950s the collective model was developed

Consider an even-even nucleus with close to filled sub-shells. We expect from the shell model
to have a nearly symmetrical spherical nucleus. The odd nucleon or “hole” moves
independently in the net potential. We need to consider the possibility that the orbit of this
lone nucleon or “hole” can be highly asymmetrical, depending on the value of ! and can in
turn cause distortion of the nuclear shape leading to significant quadrupole moments.

There is the possibility of excited states for these nuclei corresponding to oscillations in the

shape. These are collective motions of the nucleons and hence the name “collective model”.
This can lead to deformation as in figure 3.14.
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| l
I I

Figure 3.14 The most basic nuclear oscillation

We have a quantum system here and the energy of the oscillations is E = hio and the

oscillations lead to a description of the nuclear surface as

l=0 1
=T+ Z Z AmYim (6, ¢)

=1 =t (3.13)

where the Y}, (6, ¢) are spherical harmonics with [ the angular momentum quantum number
and m, the z-component where a;,. is an amplitude. The | = 1 case leads to a shift of the
centre of the nucleus that cannot come from internal forces and so the most basic, ellipsoidal
deformation is associated with [ = 2 and

r=A+BY,,(0) (3.14)

for the radius, were Yy is the spherical harmonic corresponding to /=2.

15
Y20(6l¢) = Z E(3COS 06— 1)

which we can see, will represent an ellipsoidal shape. These collective vibrations are known
as ‘phonons’ (compare to solid state physics). With 1, 2...etc phonons we get energy levels
spaced by am but with /=2 for each we are restricted to angular momentum of 0, 2, 4 etc An

(3.15)

example of a vibrational nucleus is "*Cd with quadrupole energy levels as below;

4+ 1.283 MeV
2+ 1.208 MeV
+, D+ + 271(1)
02", 4 0* 1.133 MeV
2* ho 2 0.558 MeV
0* 0 0 0

Figure 3.15 Vibrational energy levels of '*Cd (right) compared with predictions of the
collective model (left). Apart from the slight lifting of degeneracy for the 27w level, the fit

is good.
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We note that the theoretical degeneracy of the upper 0%, 2*and 4* levels is slightly lifted in
experiment, but they are quite close. This is not the only sort of energy level. Far from magic
numbers the distortion of the nucleus can be permanent and this means that we have the
possibility of rotational energy levels (think about a comparison with molecules and atoms-
the molecules are not spherically symmetric and we get rotational states which do not arise in
monatomic gases, you will have come across this briefly in level 1). The energy levels are given

by;

. (Ang.Mom)* _ J(J + I’

. , (3.16)
2 X Inertia 2MI

where MI is the moment of inertia. The spacing of the energy levels seen will give the value of
the moment of inertia for the nucleus. Again, the ellipsoidal geometry restricts J=0,2,4 ... etc
for even-even nuclei. For 2*U some of the low lying states are seen below.

For 238U the levels match expected

8t —— 0.523MeV ratio:
Ratio Theory Expt
6t —— 0.309MeV 4+/2+ 3.33 3.31
6+/4+ 2.1 2.09
4+ — 0.148MeV
o 8+/6+ 1.71 1.69
— 0.0447MeV
ot — 0 MeV

Figure 3.16 Low lying rotational states for 2*U. These states appear due to distortion of the nucleus.

The value of moments of inertia that arise from such spectra are generally a factor 2-3 lower
than the expected value for a rigid body- suggesting that it is more fluid like. One interesting
plot is a so called 'yrast' plot that plots angular momentum against frequency of rotation. The
angular momentum for Dysprosium increases as the
nucleus rotates faster. For a rigid nucleus there should
__________________ i8¢, :2‘;-_.2:2 ; % | bealinear relationship. However, at some point the
) curve bends upwards and this is a result of additional

316
Repd distortion of the nucleus that increases the moment of

8 ,'/ . .
J ” 1nertia

What we see, (figure 3.17) is that for higher and higher
values of J the rotation frequency increases as we
would expect- at some point the frequency decreases.
p— This is because there is distortion of the nucleus- this

Figure 3.17 'yrast’ plot for increases the moment of inertia and thus for a given
Dysprosium rotational energy, the rotation frequency decreases.

After this, the distortion is limited as nuclear forces

pull the nucleons back together.
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3.4 Single particle energy levels in a non-spherical potential

So, far in our discussion of collective effects, we have considered energy levels due to dynamic
effects of rotation and vibration. This, rather like in a molecule, leads to particular energy
levels. However, some nuclei (typically 150 < A <190 and A > 230) havea permanent distortion
from a spherical shape and this affects the single particle states that we have seen in our
standard shell model shown above. In these cases, the orbital angular momentum, [ is not a
good quantum number. The orientation of the orbit relative to an axis of symmetry is

important:
2 1/2 7/2
Symmetry axis

3/2 5/2
5/2 3/2

7/2 1/2

Oblate (z<x,y) 0 Prolate (z > x,y)
Deformation &

Figure 3.18 (a) Deformed nucleus as a rotational ellipsoid (b) energy level splitting in a
deformed potential for f;/, state. The numbers give the projection of j onto the axis of
symmetry.

The energy levels depend on the component of j that lies along the axis of symmetry. For
example if we take the f;/, orbit (as in Krane), there is a degeneracy of 8, due to j, running from
-7/2 to +7/2. In a spherical potential they are degenerate but this degeneracy is lifted in a
deformed potential. Symmetry means the positive and negative components are the same, so
the level splits into 4. The ordering of the levels depends on the deformation being either oblate
or prolate and the separation depends on the degree of deformation.
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CHAPTER 4: NUCLEAR DECAY PROCESSES

Introduction
In this chapter, we will discuss the three basic mechanisms by which nuclei decay. These are

e a—decay, where a nucleus emits and a—particle, which is a *He nucleus with 2 protons
and two neutrons. The o—particle typically has kinetic energy between 4-10 MeV and
we shall see how the rate of decay and kinetic energy are strongly related.

e p—decay, where a nucleus emits either and electron and an antineutrino or a positron
and an accompanying neutrino. The kinetic energies can be well below 1 MeV to
several MeV and we shall consider the angular momentum selection rules for this.

e y—decay, which is an electromagnetic decay, with y—ray energies typically defined (but
not rigidly) as 0.1-10 MeV. We shall discuss some ways in which this differs from
emission from electrons orbiting atoms.

4.1 Alpha decay

In the natural world we see chains of alpha particle decay processes that even in very old rocks
can lead to the presence of short lived radio-isotopes. For example, look at figure 4.1

232 (1 228 ﬁ_ 228 ﬁ_ 228 o 224 o 220
90Th% 88Ra 89Ac 90Th o8 Ra—— 86Rn

64% —L— > Po—2—**Pb

[23 216 o 212 B 212 s

—2 5 %pg 2pp 2Bj
0 a 208 B 208
36% S TI " Pb

Figure 4.1 The thorium decay chain is just one of four main alpha decay chains

We can see that a mixture of o and f decay brings us from thorium to lead which is stable
(doubly magic with 126 neutrons and 82 protons). The **Th has a long half-life of 14 billion
years and so has stayed in the rocks since their formation. The half-life of #?Po is only 0.3
microseconds and so its continued presence in the rock is due to the thorium being still there-
having a short half-life means that it is quite active and if ingested (as in the notorious
Litvinenko case in 2006!) the a-particles would be possibly fatal.

This decay chain is called the 4n series because the atomic masses are changing by 4 each time.
Another series, called the 4n+1 series starts from *’Np and naturally, since the decay again
changes atomic mass by 4, the isotopes generated in the decay chain do not overlap with the
22Th (4n) series. The same is true for the 4n+2 series starting from 2*U and the 4n+3 series
starting from 2°U. Three of these series are seen naturally, but the 4n+1 series is not because
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the half-life of ®’Np is only 2.14 million years and the chain decayed a long time ago. The other
starting elements have half-lives of billions of years.

We can note that the appearance of B~-decay in the chain. The reason for this is connected to
our earlier observation of stability for nuclei depending on an increasing ratio of neutrons to
protons as we move to heavier elements. As we undergo successive o-decays, we would
change the number of protons and neutrons by an equal amount. However, in order to stay
sable the daughter nuclei ought to lose neutrons at a slightly higher rate to move towards a
ratio closer to 1:1 that is stable at lower masses. This is achieved by the B™-decay that changes
a neutron into proton at different points in the chain, moving the chain of decay products back
to the line of stability.

Theory of alpha-decay

Gamow investigated the theory of a-decay some time ago and we will give a simple discussion
of what can be a complex area of physics, when the details are looked into. The nucleus decays
into a daughter nucleus and an o-particle. We can consider that the a-particle has two
potentials acting on it. One of these is the nuclear binding potential that is short range and
rather flat bottomed as seen in Chapter 3. The other is the Coulomb interaction between the
a-particle and the daughter nucleus:

_2Zge?
4TTEGT

4.1)

We can understand how we can create a potential well from the nuclear and Coulomb
potentials as follows. Combined with the usual V ~ 1/r outside the nucleus, we get a potential
as shown in figure 4.2.

A

Vv

A A

—

Figure 4.2. Combined nuclear and Coulomb potential well, showing barriers to a-particle escape.

For a combination of a highly bound “He nucleus and the daughter nucleus, the total binding
can be higher than for the parent nucleus and we reach the condition in figure 4.2b, where the
a-particle can escape with excess kinetic energy. That is to say, for;

72X = 273Y + 3He
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we have Q > 0. Conservation of momentum means that the kinetic energy is mostly taken up
by the o particle. However, the kinetic energy is not enough to overcome the potential barrier
(see figure 4.2b) and, as we see, quantum tunnelling through the barrier is needed to allow
escape of the a-particle. In the following we will derive a formula that tells us the relationship
between the kinetic energy of the a-particle and the rate of decay.

First, let us look at a simple quantum barrier as in figure 4.3. We know from PHY2001 quantum

A
AY

\

\\

~,
~,
g
~ S\ \ NN\

Figure 4.3 A schematic of a simple potential barrier of width w and with a
particle incident from left to right.

mechanics that the probability of transmission depends on the ratio of the squares of the
wavefunction either side of the barrier, given by;

p = WE _ sy

= WO (4.6)

where we assume the barrier starts at r=0. The factor, y is given by

y = W\/i—? V(@) —-K) 4.7)

where m is the mass of the particle and K is kinetic energy. In the square barrier case V(r) is a
constant. If we treat the potential barrier in figure 4.2b as a series of square barriers of width
dr, we can integrate from the point away from where the barrier starts, Rp, to the point of exit,
Rgwhich is where the kinetic energy matches the potential. Thus

y = fR’;E \/i—? V() —K)dr (4.8)

Let us make some approximations that will turn out to be justified. Firstly, Rg tends to be of
order 30-60 fm and so, since the barrier starts more or less where the nuclear potential goes to
zero, close to the nuclear radius then, R;>>Rp. We also note that for the most significant
contribution to y we have V(r) >> K and we just integrate over V(r) but we then equate the
kinetic energy to the Coulomb potential at Rz and make the classical approximation that K =
mv?/2 and obtain

2
y = 8Ze (4.9)

- 4meghv
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where Ze is the charge of the daughter
nucleus. Now, the a particles may not
penetrate on the first collision (in fact it is
0 . unlikely as we shall see). However, the do
o2 reflect then and reach the opposite side. We

can make a semi-classical estimate of how
often they do this. Let us take a typical K=
" 5 MeV and a nuclear radius of ~7 fm for a
-10 heavy element. This implies a classical v of
1.5x10"m/s and that means ~10% collisions
Y per second. The lifetime expected is then
) given by

22pg

Log,, of decay rate (s?)

-15

. . . . . 1 —
20 | | =~10%te~2¥ (4.10)
0.3 0.4 0.5 T

1/K¥2 (MeV-1/2)
Figure 4.4 (Adapted from Eisberg and Resnick). A Now, we can get an idea of the sensitivity

plot of known alpha decay rates against the 1/K'” by considering and element with say
showing broad agreement with the Geiger-Nuttall

; Z=100 (look it up to get its name!). For a 5
relation.

MeV a particle the value of y~105 but for a

10 MeV a particle we would have y~75, in
equation 4.9, this would make 26 orders of magnitude difference in the rate of decay, 1 = 1/7.
If we restate 4.10 in log terms we get

In(1) = In(10%1) — 2y (4.11)

Replacing some constants with A, and B, and expressing the velocity, v in terms of K, we arrive
at the Geiger-Nuttall relationship

BoZ
K1/2

In(d) = 4, — (4.12)

In figure 4.4 we can see a plot of many typical cases plotted against the Geiger-Nuttall scaling
predicted in equation 4.12. We can understand this behaviour from two points of view. If we
look at figure 4.5, we see that for a decay with kinetic energy K; the difference between barrier
height and potential is smaller than for the lower energy K,, meaning that the approximation
that V(r) >> K becomes less valid and we see in equation 4.8 that y becomes smaller. We also
see that the distance that has to be tunnelled though is smaller and thus the integral is also
then smaller.

Decay of heavier particles
For other particles like >C which is also relatively stable, we also expect there to be decay that

is energetically favourable. For example;

20Th = 2%Po + 2C + 32 MeV
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should be energetically favoured with a Q of +32 MeV. However, several factors work against
this. Firstly, the potential barrier to be overcome is
higher since the ?C nucleus has a higher charge. This
increases y and the decay is exponentially
dependent on this. Also the 2C nucleus is heavier
and this also increases y as can be seen in equation
4.8, although it manifests itself though a lower
velocity in equation 4.9. However, decays like this
have been seen but with very low rates. We might
then ask, why do we not see emission of other small
species and nuclei? This is because the particular
stability associated with forming a ‘He nucleus makes this a special case. In table 4.1 below,
we show how the Q value for decay of »?U varies depending on the species emitted. We see
that it is negative for all but the a-decay case.

Figure 4.5 Detail of barrier penetration
for an o-particle

a-decay spectra

For a-decay, we generally see a fixed energy as we transition, generally from a ground state
of a nucleus to a specific state of the daughter nucleus and so each a-particle has the same
kinetic energy. However, the daughter nucleus can have many possible end states. In figure
4.6 we see a spectrum from the decay of *'Fm.

]0"’_IHU"H THY[THTHIH[HHHTH‘III'HHI|IIIIIHIIITTTHIHH!HHIIIIT
- 251 )
s et c 1e
103 2 S it (\‘E g&?
= © © ® 3 & ~N&
s = © WS o o
2 3 OAEND o
S102 = © i 2
i :
@ ot O kD»«
TSl 3 2
€10 = ™ ° o i I
3 E = o 4 =
o = [72) 0 ’
b © © s »
= ve y “e . o
0.1 Lyl IIJHLJ/I.IJJII [ TNAVNTT DA B el
6.40 6.50 6.60 6.70 6.80 6.90 7.00 7.10
Energy (MeV)

Figure 4.6 o -particle decay spectrum from *'Fm.
Table 4.1 Q wvalues for emission of

different nuclear species from U

Emitted Particle | Q value (MeV) The spectrum is listed in table 4.2. Notice how the
n -7.26 o-particle energies are know quite accurately but
'H -6.12 also that there is a difference between the particle
’H -10.70 energy and the transition energy. This is because a
*H -10.24 small amount of energy is taken up in recoil of the
*He -9.92 nucleus.
‘He +5.41
°He -2.59 Table 4.2 table of a-decays from *'Fm.
°Li -6.19
‘Li -1.94
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(keV) (keV)
0 15

o, 7305 3 7423
o, 725143 7368 55 93
o 7184 +3 7300 123 29
o 7106 5 7221 202 ~0.05
0 6928 +2 7040 383 18
0 6885 +2 6996 427 17
o, 6833 +2 6944 479 87
0 6782 +2 6892 531 43
0o 6762 +3 6872 552 38
oy, 6720 +3 6829 594 44
o, 6681 +4 6789 634 07
o, 6638 +3 6745 678 56
s 6579 +3 6686 738 26

Applications

In the lectures we will discuss an application of a-particle sources relating to non-destructive
testing. Slides will be available for this after the lecture. You can insert a page in your notes
here to cover this material.
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4.2 Beta decay

In B—decay, if we ignore electron capture (EC) for now, we have two processes to consider;
X, Y +et +v,

X707 +e” +ve

These are B and B~ decays. In the first, a positron and a neutrino are emitted when a proton is
turned into a neutron inside the nucleus. In the second, an electron and anti-neutrino are
emitted as a neutron is turned into a proton. The (anti)neutrino has no charge and an extremely
small (but finite) mass and. does not interact easily and is hard to detect. It has spin %2 like the
electron or positron As with a-decay, the Q-value of the reaction is fixed as we decay from a
fixed nuclear state to a fixed, possibly excited, nuclear state of the daughter nucleus. The
emission of two particles means that the energy is shared and we measure a spectrum of
energies for the electron or positron emitted. We do not change the atomic mass number, A
of the parent nucleus but we do change Z.

Q value of the decay

In chapter 1, we discussed binding energy. During a nuclear reaction the binding energy of
the particles involved might change and binding changes released as kinetic energy. Consider
the total energy to be mass energy and kinetic energy. Let us recall energy conservation for a
system that has initial and final mass and kinetic energy and may start in a ground state but
may end in an excited state.

Ki + 1\41'C2 = Kf + 1\4fC2 + Eex (413)

Now, we can define the Q value as the amount of kinetic energy released and for us this is
Kf — K;. Re-arranging equation 4.13 and assuming we end in a ground state so that E,,= 0, we

can see that we can also express Q as
Q = Kf - Ki = IWL'C2 - MfCZ (414)

For a ground state to ground state transition this can be called Q, and so if we end in an excited
state we have

Q =0Qo —Eex (4.15)

which makes sense as, if we have an excited state, then less energy is available to go into kinetic
energy.

For B-decay we start from this to calculate Q. Now for the process of B*decay we can look at
the nuclei on each side and the particles emitted- assume for now the ground states only. From
the process shown above we can write, assuming the nuclear masses

Qp+ = (Mpye = Mgt —me —my)c?  (4.16)

where we take the positron mass as identical to the electron mass. We shall also assume the
neutrino mass to be zero as it is negligible for our purposes. It happens that what is measured
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most accurately is the atomic masses of elements- the neutral element in the ground state is
known to several decimal places. If we neglect the electron binding energy we can replace

M2% = MY + 7m,  (4.17)

at

substituting this into equation 4.16 for the initial and final species we can see

Qpr = (Mat" —Mai" ™" —2me)c?  (4.18)
The electron binding energy for the initial and final atomic species are very similar and so the
difference between them is small and generally neglected in all the most detailed
measurements. In a similar manner, you can derive

at

Qp- = MG —MLF D2 (4.19)

Electron capture
An alternative process in one in which an atomic electron is captured from orbit and we have

AZ AZ-1
Xpuwe + € 2 Y0 +v

By, again, neglecting binding energy and the neutrino mass, you can also show that

Qe = (Mar” = Mgi” e? (4.20)
We need the Q values to be positive for these reaction to occur. If p * can occur so can EC but
not necessarily the other way around as there is ~1.02 MeV difference in required mass
difference between parent and daughter nuclei. This latter is for example how Fe® comes to
emit 5.9 keV radiation- the gap left in the K-shell is filled by Mn K-a radiation. The figure
below shows some examples of decays between C, N and O.

0*

Q, =1.81MeV
Qec=2.83MeV ]
Q=0.16MeV BEST
=0. e /
0 g / prIEC
/ Q, =4.12MeV
/ Qgc =5.14MeV
0* — /
1 ¥
GC'\J -—
N4 8014

Figure 4.7 Examples of  decay from lower and higher Z isotopes of same atomic mass A.

Spread of electron/positron energy

As noted above, the sharing of the released energy between two particles means that if we
measure the kinetic energy of the electron or positron, we get spectra similar to those in figure
4.8.
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Figure 4.8 Energy spread of " and  decay. N(T) is the number
detected as a function of kinetic energy, T. Both decays are
possible from the parent **Cu nucleus.

In both cases, we see that the spectrum goes to zero at some maximum value, which is given
by the Q of the reaction. It means that in those cases all the energy is taken up by the positron
or electron. In both cases the spectrum has a peak somewhere in the middle, except that for
the PB* case it is generally pushed to a higher energy. This is due to the interaction with the
nucleus, which is positive and pushes the positron away, whilst for an electron it would tend
to pull it back.

For now, we can get a broad understanding of this distribution by considering what we call
the density of states. What we mean by this is that if there are more potential final states for a
particle with a given energy, then that decay is more likely. Consider the case of B~ decay; for
the B-particle with momentum p

E? = p%c? 4+ méc* (4.21)
Whilst for the (assumed massless) anti-neutrino with momentum, p,,
E, = pyc (4.22)

The total energy emitted is Eq = E + E,, some of which is mass energy for the B-particle, E, =
Q + m,c?. Now consider that for a decay where the electron takes up a specific momentum,
the number of available states of momentum is proportional to the volume in momentum
space between p and p + dp and is thus 4mp?dp and a similar argument goes for the anti-
neutrino. The number of decays, dN per minute in a sample where the energy is divided
between the two particles, scales as;
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dN « 16m%p?pZdpdp,5(E + E, — Ey) (4.23)

where the delta function ensures conservation of energy. Now realising that the neutrino
energy all kinetic and that the total kinetic energy released is Q, and taking the previous
equations relating E and p, we can put the neutrino momentum as ;

py=(Q —Te)/c (4.24)

dp, =dE,  (4.25)

EdE = c*pdp (4.26)

We can then see that
dN « p2dp(Q — T,)S(E + E, — Eg)  (4.27)

We can see from our expression above, that as kinetic energy, T, tends to zero then the number
of particles is expected to go to zero. Likewise as we tend to Q then the term in brackets tends
to zero and we also get no particles above this energy. Thus we expect a curve that maximises
in the middle as those in figure 4.8 do. This simple analysis does not account for the Coulomb
interaction.

Beta decay and angular momentum

Consider the following: If a B-particle is emitted with momentum p from a nucleon at a
distance r from the centre of the nucleus, then it imparts and angular momentum L=rxp on the
nucleus. In QM we know that, to be non-zero, this must have a minimum numerical value of

V(£ + 1)h where £ =1. This means;
L ~ 1.5x10°* kgm?s™ ~ rxp (4.28)
Now for a typical case, as seen, for

Pe e’ example, in Krane we have p ~1MeV/c ~
5x10%2 kgms™. This means that;

r~L/p~15x103/5x10% ~ 225 fm

Figure 4.9 Illustrating expected angular momentum o )
transfer with classical mechanics. This is way outside the dense part of the

nucleus and so we conclude that generally

no angular momentum is exchanged. This
leads to the notation that AL=0 transitions are called “allowed” and the AL=1,2,... are the first
and second etc forbidden transitions and do occur due to the extended wave nature of the
electrons but are 10-1000 times weaker.
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Another way to view this is if we take a typical nuclear radius of say ~5 fm and calculate the
angular momentum imparted by the typical B-particle noted above and emitted from the edge
of the nucleus, it has a maximum of L~ 2.5x10°¢ Kgms™ which is well below the quantum unit.

Selection rules

The emitted particles, electrons or positrons and anti-neutrinos and neutrinos have spin 1 /2.
If these are opposite to each other, then the spin carried off is S =0 and we have Fermi decay.
For spins aligned then S=1 is carried off and we have a Gamow-Teller decay. The total nuclear
spin of the system is then

J,=Ja+L+S (429

where 'p' and 'd' refer to the parent and daughter nucleus and L is the orbital angular
momentum carried off by the electron-neutrino pair. Now, we have determined that for
allowed transitions, no orbital angular momentum can be carried off and so L= 0. Thus, for
the Fermi case, with S=0, the change in nuclear spin can only be zero. For the Gamow-Teller case,
we have S=1 and vector addition of these angular momentum vectors means that we can have
AJ=0, £1 although AJ=0 will not work for both J, = 0 and J; = 0 since it depends on re-
orientation of vectors to allow for no change whilst carrying off S=1 angular momentum and
that cannot occur for zero length vectors. Such transitions are, therefore, purely Fermi. Since
we do not change angular momentum, we can say that parity (Chapter 1) does not change and
so AP=0 as well. In summary, selection rules for allowed transitions are;

AL=0

AJ=0 Fermi

AJ=0,+1  Gamow-Teller
AP=0

Isobar stability curves

In chapter 1 and in chapter 3, we discussed the idea that stability of nuclei depends on a
particular ratio of neutrons to protons that changes according to the atomic mass number, A.
Let's discuss this in terms of stability to p-decay. Look at figure 4.10, which is a Segré chart
with an arrow cut across at 90° to the N = Z line. This arrow traverses a constant A value. For
isotopes above the line of stability (black squares) we have an excess of protons and there is
instability to B*-decay, meaning that it is energetically favourable (Q >0) to undergo this
transition. Likewise for isotopes below the line of stability, there is an excess of neutrons and
p-decay is favourable.

In figure 4.11 we show two of these isobars, one for an even A and one for an odd. The figures
show the mass energy of the isotope. we can see that there appears to be very little difference,
but the differences are in MeV of energy and thus this is the typical decay energy. Notice, how
there is a particular isotope that has the lowest mass and the others are unstable to p-decay or
electron capture.
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Table of Nuclides (Segré Chart)

Line of constant A

= mass isobar

N

Figure 4.10 Segré chart of elements. The ones in black are stable isotopes. The dashed arrow shows a line
of constant atomic mass number, A, because it is at right angles to the N=Z line.

For the case of A=128 note how there are effectively 2 curves. This is because we can have
either an even-even nucleus or odd-odd. We noted earlier that odd-odd is not so stable as
even-even due to the pairing effect (see Chapter 3). This creates an interesting situation
regarding '*Te and *®Xe. We can see that 1?Xe is more stable. However, in order to reach it, a
sample of '»¥Te would first have to decay to I, which requires a Q <) and is thus not likely.
The possibility of a double B-decay directly to '*Xe has been explored and is an important
experiment in particle physics, but it is well beyond undergraduate physics to discuss this.
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51

Figure 4.11 Mass isobars for both even and odd atomic mass.

As with a-decay, we will discuss some important applications of B-decay in the lectures and
make the slides available after the lectures.
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4.3 Gamma-decay

If we bombard a nucleus with energetic particles, we can excite it to higher energy levels. For
example, in figure 4.12 we see the result of bombarding ¥ Al with 5 MeV protons. We generate
a spectrum of gamma rays that is due to relaxation from upper to lower levels. By analysing
the spectra we can reconstruct the nuclear energy levels. This is a powerful tool in measuring
the energy levels of nuclei so that they can be compared to models such as those outlined in
chapter 3.

Quadrupoles and dipoles
In atomic physics, you will have seen that there are selection rules for emission. The emission
from atoms is predominately dipole emission. That is, in classical terms, we can consider the
electron undergoing a transition in an
2.73 MeV atom as an oscillating charge, you
1.01 should come across this in more detail

220 in EM courses. In quantum mechanics

1=n 22 Mev this is expressed in terms of a dipole
I I | | 172 ° operator, er operating between the
101 4 | J \ /\ ,'\‘. initial and final states:
« ¥ U LN ]
0.84 R VAUAN )
\/ \“‘, .
° vy v . ] ] | Jq’f ery;d’r
1 2 3 MeV . ) _
Figure 4.12 On the left are the energy levels for 7 Al Where the integral is over volume, e is
On the right is schematic spectrum of gamma rays the charge unit and r is the position

emitted after bombardment with energetic protons of 5 operator. The intensity of emission is
MeV kinetic energy (Krane). given by the square of this matrix
element. It emerges that there are
other forms of radiation, for example quadrupole emission. The discussion below will help
explain why this is small in atomics physics but significant in nuclear physics. We know that
for an oscillating dipole- a charge oscillating back and forth is accelerating and we know that
this produces radiation. This is maximised normal to the direction of oscillation of the charge.
At some distance away, we can assume that the electric field of the radiation given off is given

by:
E = Ejcos(wt) (4.30)

Now look at figure 4.13 where we place two dipoles side by side. (we can think of the + charge
as being the nucleus at rest and an electron is oscillating if you like). We assume that the two
dipoles work in anti-phase, that is the oscillations are out of step with each other so that the
total dipole moment is zero. However, this arrangement, with a finite separation, d, between
dipoles constitutes a quadrupole and we can estimate the field seen as a result of adding the
two fields from the dipoles. Clearly from the figure there is a phase difference. The total field is given by:

E = Eycos(wt — 27”3) + Eycos(wt + m + 277[%) (4.31)
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where we have accounted not just for the path difference but also that the dipoles are 180° out
of phase with each other (the = in the
+ second term). It turns out quite simply

that this can be re-written as;

v

E =g, coswt

E = 2Eosin(5)sin(wt)  (4.32)

E=eoos@ -9+ \here A is the wavelength of the light

s N A2 emitted. So now, we can compare the
V intensity of light given off by a

quadrupole to that for a dipole.

. + . Comparing the dipole field and the
Figure 4.13 arrangement of two dipoles to form a field above, we can see that the

quadrupole. . L
amplitude ratio is given by;

I £y cos(ot + 7 + 22 2)

o
S~
N
| e— e+

9si d
sm(l)

Now, for an atom, the wavelength is about 5000 A for optical radiation but the atom is only
about 1A in size. This means the ratio of quadrupole to dipole is

nd
Zsin(7)~10‘3

This the amplitude ratio and the intensity is given by the square of the amplitude so the ratio
of intensity is more like 10°. Thus quadrupole emission is usually unimportant for atoms.

Now consider a nucleus. A gamma ray from Al has energy 1 MeV for one of the transitions
above. This corresponds to 0.0124A. The size of the nucleus is ~7 fm. Thus the ratio 2sin(nd /)
~ 0.035 and so, in intensity terms, quadrupole emission is ~ 1000 times more important than
for the atomic case. For heavier nuclei and higher energy transitions we can see this trend
would be even stronger.

Magnetic Dipole Emission

Electromagnetic theory tells us that electric dipole radiation depends on oscillating charges.
For magnetic emission, it depends on oscillating currents. For magnetic dipoles,
electromagnetic theory shows that the emission ratio between magnetic dipole and electric
dipole radiation is

(o)

where p is the electric dipole moment that we approximate as p~eR where R is the nuclear
radius and e is the proton charge. We have y, the magnetic dipole. For a loop of charge this is

u=1IA (4.33)
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where the area is A = TR? and the current is I = ev/2nR. Thus, we can show that the ratio of
magnetic to electric dipole radiation is proportional to (v/c)?. For a typical value of R~5 fm
this works out at a ratio of ~ 1/80 because the charges

B ‘ ‘ move at ~ 10’ ms™. This ratio is about 10-100 times larger

\ than seen in atomic physics and thus magnetic emission

<J\ is more important in nuclear physics than atomic physics.
\\! \\I

( /_’ «: Selection rules
\ :_/ The selection rules that are relevant depend on the pole in

question. For dipole radiation the matrix element

'\ between the initial and final state eigen-functions is

Figureé. 14 A current loop in the simply er v.vh.ere eis charge an.d r is spatial positior.l. It is

nucleus leads to a magnetic field because this is asymmetric with respect to co-ordinates

which, if oscillating gives that the initial and final state have to have opposite parity
magnetic radiation. (see atomic notes). We have;

A] =0, £1 (butnot J=0 to J=0)
AP =1 (Yes), i.e. the parity changes

The photon has intrinsically spin 1 hence the need to change either the value or the orientation
of J, the nuclear spin. For a magnetic dipole emission the relevant matrix element pn the
magnetic moment. As you saw in atomic physics, this scales as ~rxp since it is proportional to
angular momentum. This has even parity as reversing the directions of both r to -r and p to -
p does not introduce a net negative sign and thus has even parity. The selection rules are now;

A] =0, £1 (butnot J=0 to J=0)
AP =0 (No)

For a quadrupole (se discussion of quadrupole in Chapter 1) we have an operator with a
spatial part ~ 3z*r* and is even parity. This is corresponding to a photon with L=2 angular
momentum- this includes intrinsic spin and angular momentum relative to the nucleus
(possible since we no longer have an effective point source)- and even parity and so the
selection rules are;

A] =0,41,+2 (butnot 0—0 or 01, 10 or 1/2+51/2)
AP =0 (No)

Some typical transitions are shown in figure 4.15.
For a typical A~100 the gamma decay lifetimes depend a lot on the energy of the gamma ray

and typically vary from 10° -10° s for M5 (high order magnetic) radiation but from 10 to
10> s for electric dipole radiation
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Figure 4.15 Some typical transitions resulting in gamma radiation. We have seen that
magnetic dipole (M1) and electric quadrupole (E2) emission is quite likely in nuclei.

Internal conversion

This process competes with gamma emission. Instead of decaying to a lower state by emission
of a gamma ray, a nucleus decays by transferring energy to an atomic electron. It is a one-step
process that does not involve the emission of a gamma ray followed by absorption by the
electron. The kinetic energy of the electron is

Ko=AE—B  (4.33)

where B is the binding energy and AE is the transition energy. In figure 4.16 we see an example
of this. In this case, 2°Hg has decayed by B-decay to
an excited state of 2®T1. Now, the Tl can decay to
the ground state by y-emission but as we see in
figure 4.14 there is also a spectrum of emitted
electrons created by internal conversion. The upper
figure gives a broad spectrum showing peaks
corresponding to the different shells. The energies
are given by the 279.19 KeV of the excited state
: ‘ Torom | minus the energy needed to free the electrons from
e o the K,L, M etc shells. The energies are thus

500 — -

i @ x0.1 o Ke(K) = 279.190- 85.529 = 193.661 keV

300 |—
279N

5% x0.2 i
200 279 L

Counting rate

Counting rate

Ke(Lj) = 279.190- 15.347= 263.843 keV

| | PARRAA
Figure 4.16 Electron spectra from *®TI
nuclei decaying by internal conversion.
Top: Broad spectrum, bottom: detailed
spectrum.

Ke(Ly) = 279.190- 14.698 = 264.492 keV

Ke(Lyy) = 279.190- 12.657 = 266.533 keV

The study of these spectra can reveal a lot of information about the nuclear transitions but
this is beyond this course.
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Emission Recoil

When a y-ray is emitted from a nucleus it can have a great deal of momentum, depending on
the energy of the photon, p = E/c. In order to conserve momentum, the nucleus must recoil
and thus take up both momentum and energy. The recoil momentum is of course the
momentum of the photon and the recoils energy, in the classical limit (usually valid in this
context), is p?/2M where M is the mass of the nucleus. Thus for an initial and final nuclear
state, we have for energy and momentum conservation

Ei = Ei + Ey + Krecoil (434)
0=Precon +P,  (435)

Now, we know how energy and momentum are related for the photon and for AE = E; — Ef
we get

E 2
AE=E, +—  (436)

where M is the mass of the recoiling atom. Let us consider, for example 5'Cr which can be
created in chromium steel by neutron activation and that it will decay to °'V by B-decay and
then emit y-rays of 320 keV. This will give over 1 eV recoil energy to daughter atoms. This
means that the gamma ray emitted does not have quite the energy of the transition it is created
from. Furthermore, in order to be re-absorbed by another nucleus, a gamma ray needs to have
not only the transition energy but the additional recoil energy created when the momentum
of the photon is absorbed. The y-ray emissions have very narrow width generally (10 to 10°
eV) and for this reason, creation of a y-ray laser has not been achieved using nuclear
transitions, despite some attempts.

The Mossbauer effect

We can see in figure 4.17 an illustration of how the emitted photon energy and the required
energy for absorption are separated by twice the recoil energy. The width of the transitions
can be broadened to about 0.1 eV by Doppler broadening if the sample is heated but this means
only a small overlap between the emission and absorption profiles.

E,=AE-E
Y " Erequired=AE+ER

nucleus requires transition
energy plus recoil

E

Figure 4.17 A y~ray emitted from a nucleus gives some energy to recoil of the nucleus, whilst an absorbed
nucleus needs to have the transition energy plus the necessary recoil energy.

In 1958 Mossbauer discovered that the recoil could be brough to essentially zero for a cooled

sample with modest y-ray energy. The case he observed was for decay of “'Ir with a photon
energy of 129 keV. The recoil energy for the 'Ir atom should be 0.047 eV. This is not enough
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to displace the atom and so, since about 10% of atoms were in the lowest vibrational state, the
interaction is with the whole lattice rather than a single atom. Thus, since Myice >> M,

2
By
> NE]/
2MiqtticeC

AE = E, + (4.37)

The transition width is about 3x10° eV since we have no Doppler broadening due to being in
the vibrational ground state. This is about 1 part in 4x10%, a very precise value.

Applications
As with the other decays, we will present some applications in the lectures and make the

material available afterwards.
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CHAPTER 5: FISSION AND FUSION

5.1 Nuclear Fission

Nuclear fission is a very important process that occurs when a heavy nucleus splits into two
lighter ones plus a few neutrons, with a large release of energy. We can see from our earlier
chapters (see figure 5.1) that for A~240 the binding energy is ~7.6 MeV /nucleon whilst for
A~120 we have ~8.5 MeV /nucleon. Thus, we can estimate that if a heavy nucleus splits, we

10 |

Comaprison of experiment (dots)
to Liquid Drop Model (line)

Binding per nucleon (MeV)

'so 100 150 200
Atomic Mass Number

Figure 5.1 Binding energy curve

1

250

can potentially release ~200 MeV.

This means that 1g of fuel, which would
contain about 2.5x10* nuclei can
generate about 10" ], enough to power
a 750 MW power station for two
minutes. We can also note from earlier
that heavy nuclei tend to have a higher
ratio of neutrons to protons than lighter
ones. This means that when we create
two stable light nuclei from one heavy
one, we tend to have an excess of

neutrons. These neutrons are important in inducing further fission decays and instigating a

chain reaction.

Spontaneous fission can occur if a large nucleus vibrates and stretches in the process. We can
see a schematic of this in figure 5.2. We can see that there is a fission energy barrier to be

overcome.

—>

Scission point s

/

Efission

Vo

E release

separation, s

Figure 5.2 Schematic of a fission event. Stretching of the nucleus requires energy as we shall explore in
the text. At some separation two products separate enough (scission point) that further separation is
energetically favoured because we move from high atomic mass to lower masses closer to the peak of

binding energy.

Prof D Riley
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250t A= 300, ZZ/A = 43 For #¢U, the fission energy required is ~ 6
50 MeV, and this usually does not undergo
spontaneous fission. Higher mass elements
have lower fission energies and do undergo
spontaneous fission, helped by the possibility
of quantum tunnelling of products through
this potential barrier. The likelihood of
spontaneous fission by tunnelling of course

A =236, Z?/A=35.8

Potential in MeV

A=100, Z%A= 16

Figure 5.3 Variation of fission barrier with : .
atomic mass, A depends strongly on the size of the barrier and

varies from 10' years for **U to ~50 minutes
for #Fm. In figure 5.3 we see, schematically, how the barrier varies with atomic mass number.

We will try to understand fission in terms of a liquid drop model. Take a spherical nucleus
with radius R. In chapter 3, we saw we could develop a model of the binding energy, B. Since
the state is bound the potential is negative. Stretch it to an ellipsoid so that the volume is
conserved, as nuclear matter is effectively incompressible. It can be shown (not by us) that the
semi-axes are now

a=R(1+¢&)and b =R(1 + &)~ /2

The surface energy term in the liquid drop model is increased (to give lower binding) because
the surface area increases

Area = 4mR?*(1 + §82+. ) (1)

where the ... means higher order terms. The Coulomb term, on the other hand, is decreased
by a factor (1 — %52+. ..), because the proton charges are separated more and so repel less.

This increases binding. These effects are competing and the net change in binding energy can
be rewritten as

AB = B(g) — B(0) (5.2)
2 1 ZZ
AB ~ —asA%3(1 + %sz) —ac AZlT(l — Eez) + agA?® + a¢ =5 (5.3)
2
AB ~ [-2a5A?3 + Zac e (5.4)

Now, if the term in square brackets in equation 5.4 is < 0 then the binding energy gets smaller
with €. This means that, as in figure 5.2, the potential gets larger (less negative) with ¢ and
since F = -0V /0r, there will be a restoring force to return to a spherical shape. However, if it
is > 0 then as ¢ increases the binding energy and the nucleus is unstable to fission. This
condition arises if

ZZ
Al/3

§a5A2/3 > %ac (5.5)
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Taking the values of as and a. from Chapter 3, we then arrive at

ZZ
- >
A

47 (5.6)

as a condition for instability to spontaneous fission. Now, since at high A we have seen that
Z~0.4A this means that we do not expect to have nuclei with A larger than about 300. Of
course, this analysis is based on a simple liquid drop model but may help us to understand
why there is a limit to the size of nuclei we encounter. For uranium we have Z?/4 ~35 and
so spontaneous fission is not expected. We discuss induced fission next.

Induced fission
We have seen that fission can occur spontaneously by QM tunnelling. However, a very

V(r)

Excited state

|

important type of fission is that induced by
capture of a neutron. As the neutron is
captured into the nuclear potential well, it
releases binding energy that excites the
nucleus. We can see in figure 5.4 that this
means we have a smaller and narrower
effective potential barrier to overcome, and
this hugely increases the fission rate. For
example for

Nuclear deformation

Figure 5.4 capture of a neutron to create an
excited state brings the nucleus closer to the
potential peak at the scission point.

238U+Tl—> 239U*

the neutron capture releases about 5 MeV
excitation, reducing the potential barrier
from about 6 MeV to ~ 1 MeV. With a high

energy neutron of say 1 MeV energy, the additional kinetic energy can raise the excited state
enough to cause fission directly. However, we can also consider the following case

Fission cross-section og/barn

1072}

10

]0—1._

10*

10°

10

10

1

-3

235U+n—> 236U*

(b) Z}KU

1 . S

3= =
10

] 1 I
10710 1000
Neutron energy/eV

Figure 5.5 cross section for neutron
induced fission in uranium.

Prof D

Riley

This has an excitation of ~6.4 MeV, enough to
overcome the barrier directly for a slow neutron
with negligible kinetic energy. We can understand
this different behaviour by recalling that even-
even nuclei are more bound generally and we are
creating an even-even nucleus in the latter case.
This makes a key difference that can be seen in
figure 5.5. The cross-section for fission with slow
neutrons is very high for U but for 2*U we need
to have ~ IMeV to see a significant cross-section.

The #U fission cross-section is highest for slow

i.e., thermal neutrons (this is related to the large de
Broglie length for the particles and can be shown

5-3



PHY2005 Nuclear and Radiation Physics 2024/25

to have a 1/v dependence- not derived here). This is the basis of nuclear fission in a reactor
(and of course a bomb). For natural uranium, 2*U is the dominant isotope and so enriched
uranium with a higher 2°U content is often used for nuclear power and certainly for weapons.

Fission products
A typical fission reaction can be

U +n = 3,Kr + ¢,Ba + kn

where k>1 and I have deliberately left the atomic mass numbers off, since they will depend
on k. There are two things to note. The first is that for k>1 (typically 2-3) we have the
possibility of increasing the number of fissions in a chain reaction. The reason for the spare
neutrons is that in creating new, lower atomic mass, elements, we shift the stable isotopes for
these elements to a lower ratio of neutrons to protons than was appropriate to the higher
atomic mass parent element (see Chapter 1). The product nuclei are not necessarily in the
ground state and a series of decays can then take place as indicated in figure 5.6.

4
/
L3 /
N /
N ,I
\ ¥,

O —_—
4 delayed
n 235 236 prompt prompt elaye
neutrons y emission ~ y,nand B
~1014 s ~10-10g

Figure 5.6 Once fission occurs with prompt emission of neutrons, decay to the ground state by y
emission and further delayed neutrons and f particles can occur.

When a heavy nucleus fissions to produce two lighter nuclei, it is rare that the two products
are of the same size. In fact, a distribution such as
seen in figure 5.7 is seen. We see a strong dip in
the middle. The fission products tend to fall
around A~95 and A~135 for example

92U = 52Te+ 4OZ

A simple understanding of how this comes about
by considering the potential barrier to separation
of a fission product and showing that it
maximises when the products have the same
number of protons.

Figure 5.7 typical distribution of fission
products
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5.2 Nuclear Fusion

Take another look at figure 5.1. We can see that for heavy elements, there is a release of energy
when breaking heavy nuclei apart. For lighter elements, fusing them will generate energy as
binding energy is released as kinetic energy. Fusion reaction are what powers the Sun. For
hydrogen burning we have several reactions

pt+tp=d+te +v +042MeV
d +p=°He+y +549MeV
SHe +°He = ‘He +p +p +12.86 MeV

The first reaction involves the weak nuclear force and is quite slow. In addition, the potential
barrier to be overcome between the protons is ~1 MeV and the mean kinetic energy of the
particles at the core of the Sun is ~0.001 MeV. However, despite this the Sun produces copious
amounts of energy because the matter is contained for a long time (billions of years!) and there
is plenty of opportunity for protons at the tail end of the energy distribution to interact.

After the phase where “He is produced, the next main stage is production of >C via the triple
alpha process, where three “He nuclei fuse. After this, heavier and heavier nuclei are formed as
the star evolves.

An application: Fusion on Earth

For about 60 years now there has been a significant effort to generate fusion power on Earth.
One of the reasons for this is the extremely high yield of energy. For fusion we can generate
about 3x10] per kg of fuel. For fission we have ~2x10'? J/kg and for coal ~3x10” J/kg. This is
alarge and complex area of research, and we will only point out some key features and ideas.

There is a problem in simply trying to apply the p-p fusion reaction, as in the Sun. The cross-
section is too small, the reaction is very unlikely and only works in the Sun as the material is
contained at high density (~10 times solid) and collisions are extremely frequent. However,
on Earth, we look to reactions with higher cross-section. These include using deuterium (*H)
and tritium (*H) in the so-called D-T reaction. Some possible reactions are

’H + *H— *H+ n+1757MeV  (D-T)

’H +?H —°He +n +3.267MeV  (D-D)
‘H + ‘H—°H +p +4.03MeV (D-D)
’H + He —*He +p +1834MeV (D-*He)

The first of these is the most common, and this can be understood from figure 5.8 which shows
the reaction cross-sections of the reactions above and a couple of others as a function of the
particle energy. It is clear that the DT reaction is by far the easiest to work with. The peak of
the reaction is at E ~ 0.1 MeV. However, simply colliding the D and T nuclei together in beams
will not work as the Coulomb interaction will simply deflect ions from each other before they
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S — can get close enough for short range
nuclear forces to come into play that will
fuse them. What is needed is to confine
them, so that nuclei get many chances to
fuse as they collide repeatedly. The Sun
does this using gravity as confinement.
nwnraozve  However, this is not practical on Earth and

i_— other ways are found. There are two main
approaches.

01

43267 Me

barns |

. 102

T

Magnetic Fusion
If we create a hot plasma (a gas so hot the
electrons are ripped from the atoms), then
we can contain this within magnetic fields.
2 > RN Al v This is what is attempted in a Tokamak (the
Figure 5.8 Cross-sections for fusion reaction asa ~ Word is Russian in origin) is for. We can see
function particle energy. The DT reaction is by that it is basically a toroidal (doughnut

orders of magnitude the easiest. The cross section  shaped) vessel that uses poloidal and
is un units of barns =10* cm?.

103

10

toroidal magnetic fields to contain charged
particles. This is important as the plasma
needs to be at the optimal temperature of 10%-10° K to operate and any contact with the solid
vessel will prevent the plasma reaching this temperature range.

Figure 5.9 Left: A schematic of the inside of a Tokamak. The combination of pol;)idal and toroidal fields
creates field lines that spiral round on themselves and charged particles are constrained to move along
these. Right: Photograph of the TTR reactor at Princeton. See the man in yellow hazmat suit for scale.

The question that we need to address is how hot and how dense must the plasma be and how

long contained in order to achieve fusion with more energy released than put in to heating
the plasma? This question was addressed by Lawson and colleagues. We can see the optimal
temperature in figure 5.10. The cross-sections in figure 5.8 have been convolved with a
Maxwellian distribution of velocities for a range of temperature and we see that 10° K is best
for DT fusion. In practice, we operate at ~2x10® K as this is achievable technologically. Lawson
calculated that if we have this temperature then we need to also achieve

nt > 10 cm3s (5.7)

Prof D Riley 5-6



PHY2005 Nuclear and Radiation Physics 2024/25

where n is the density of nuclei in cm™ and t is the confinement time. This is known as the
Lawson criterion. For typical Tokamaks, 7 is of order 10™

TEMPERATURE (K} cm® and so confinement times of order seconds are
‘0: 00 w0 10" needed for efficient fusion. This approach is taken at JET
10k il ’,.:‘:*] and at the ITER reactor being built in Cadarache in
b .‘/’ o-1 ’ 0-D France.
gt / / '
e o ,"/' 74 https:/ /www.iter.org
e L“ e g Inertial Confinement Fusion
10 0 100 10 In this approach, we aim only for a very short
TEMPERATURE (keV) confinement time but at very high density. The most

Figure 5.10 Fusion rates for the  common approach is to use high power lasers to heat the
D-T and D-D reactions . . .
outer part of a ~mm sized spherical capsule containing
DT fuel. The rapid compression heats the core of the fuel
to the point of ignition and then a nuclear burn wave uses up the rest of the fuel, generating
about 200 M]J of fusion energy for ~ 1-2 MJ of laser energy.

Laser beams

A,

" plasma

-
’I\

Figure 5.11 Schematic outlines of Left: direct drive fusion and Right: indirect drive

Outer shell lating

In figure 5.11 we see schematics of two approaches using high power lasers. In direct drive, the
lasers are incident on a fuel capsule directly. The rapid heating (10°-10* s) of the outer layers
creates an inwards reaction as the outer layer streams away (the process is called ablation).
This drives a shock that compresses the spherical capsule until the centre reaches ignition
temperature of order 10°K. The density is intended to reach several hundred gem? and the
confinement time is of order of picoseconds (107? s). An alternative is shown on the right in
figure 5.11. This is called indirect drive and in this, the capsule is contained in a gold-lines
cylindrical cannister. The laser beams enter though the cannister ends and illuminate the gold
laser- turning it into a hot plasma that emits x-rays with great efficiency. The x-rays heat the
outer layer of the capsule and, as with direct drive, the capsule is driven to implode. This latter
method has the advantage that the x-ray bath can be made to be more uniform than direct
illumination, thus avoiding the severe problems with hydrodynamic instabilities that occur
for direct drive. The biggest, experiment so far has been ongoing at National Ignition Facility
at the Lawrence Livermore National Laboratory
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https:/ / www.lInl.gov /news /national-ignition-facility-experiment-puts-researchers-
threshold-fusion-ignition

Thus far fusion has not been realised but much progress has been made over the years. An
important reason for trying is the potential for much reduced nuclear waste issues with fusion
compared to fission. Figure 5.12 shows the expected radioactive waste generated in terms of
Curies per Watt of power generated over the lifetime of a reactor. We can see that for fusion
over a >10-year period there are significant advantages.

Comparison of Fission and Fusion
Radioactivity after Shutdown

Fission:
t Water
eactor

T
:
E
2 Fusion:
é Redh c=d Activation
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8
=3
~
8
s
= -8 D-T Fusion:
o 107F Silicon Carbide
Composite
D-He3 Fusion:
-10 Silicon Carbide
1007 Composite [
1 | |
1 10 100 1,000 10,000

Years After Shutdown

Figure 5.12 Curies of radioactivity per Watt of power generated for different nuclear power schemes.
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